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Abstract. A Ck-move is a local move that involves (fc + 1) strands of a link. 
A Cfc-move is called a C^-move if these (k + 1) strands belong to mutually 
distinct components of a link. Since a C^-move preserves all fc-component sub- 
links of a link, we consider the converse implication: are two links with common 
fc-component sublinks related by a sequence of C^-moves? We show that the 
answer is yes under certain assumptions, and provide explicit counter-examples 
for more general situations. In particular, we consider (n, fc)-Brunnian links, 
i.e. n-component links whose fc-component sublinks arc all trivial. We show 
that such links can be deformed into a trivial link by C^-moves, thus general- 
izing a result of Habiro and Miyazawa-Yasuhara, and deduce some results on 
finite type invariants of (n, fc)-Brunnian links. 



1. Introduction 

Habiro [Ij and Goussarov [5| introduced independently the notion of Cfc-move, 
which is a local move that involves k + 1 strands of a link as illustrated in Figure [TTTJ 
A Ci-move is just a crossing change. Alternatively, a Cfe-move can be defined in 
terms of "insertion" of elements of the A;th term of the lower central series of the 
pure braid group I15| . 




Ci-move 
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Figure 1.1. A Cfe-move involves -I- 1 strands of a link. 



In particular, if all fc + 1 strands involved in a Cfc-move belong to pairwisc distinct 
components, we call it a C^-move. The C^-move (resp. C|-move) generates an 
equivalence relation on links, called Ck- equivalence (resp. C^- equivalence), which 
becomes finer as k increases. It is easy to see that if two links are C^-equivalent, 
then they have common k- component sublinks. More precisely, if two ordered links 
L = Ki U ■ • • U Kn and L' = K[ U • ■ • U are C^-equivalent, then for any subset 
S C {1, n} with k elements, Uigs ^^'^ Uies ^'i ambient isotopic. It seems 
natural to ask whether the converse implication holds as well. 

Question. // two links have common k-component sublinks, then are they C^- 
equivalent? 
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Since any link is C^-equivalent to a completely split link, the answer is obviously 
yes for k = 1. Hence we may assume that k >2. 

The question can also be given a positive answer for a special class of links. An 
(n, k)-Brunnian link is an n-component link whose fc-component sublinks are trivial 
[12] ■ In particular, ii n = k + 1, then it is a Brunnian link in the usual sense. 

Theorem 1.1. A link is {n, k)-Brunnian if and only if it is C^-equivalent to the 
n-component trivial link. 

Theorem II. II is thus a generalization of the fact that an (n + l)-component link 
is Brunnian if and only if it is C^-equivalent to a trivial link O [10]. This fact 
is the key ingredient in further works on finite type invariants of Brunnian links 
[SI [SI [7]- These results generalize in a straightforward way to (n, fc)-Brunnian links, 
see Appendix [Xj 

For fc = 2, we have a more general statement as follows. 

Theorem 1.2. Two links with trivial components have common 2- component sub- 
links if and only if they are C2 - equivalent. 

Although the hypotheses in Theorem II. 21 that k = 2 and that each link compo- 
nent is trivial, may seem restrictive, they turn out to be both necessary to give a 
positive answer to our question. Indeed, we have the following. 

Proposition 1.3. (1) For k > 3, there exists a pair of links with trivial components, 
which have common k-component sublinks but are not C^- equivalent. 
(2) There exists two links with one nontrivial component, which have common 2- 
component sublinks and are not C2 - equivalent. 

The rest of the paper is organized as follows. In Section 2, we review some ele- 
ments of the theory of claspers. We prove Theorem ll.il Theorem 11.21 and Propo- 
sition 11.31 in Sections 3, 4 and 5 respectively. The paper is concluded by several 
straightforward extensions of known results on Brunnian links to (n, fc)-Brunnian 
links, sec Appendix A. 

2. Claspers 

We now recall several notions from clasper theory for links [1]. In this paper, we 
only need the notion of tree claspers. For a general definition, we refer the reader 

toig. 

Let L be a link in . An embedded disk F in is called a tree clasper for L 
if it satisfies the three following conditions: 

(1) F is decomposed into disks and bands, called edges, each of which connects two 
distinct disks. 

(2) The disks have either 1 or 3 incident edges, called leaves or nodes respectively. 

(3) L intersects F transversely and the intersections are contained in the union of 
the interior of the leaves. 

(In [1], a tree clasper and a leaf are called a strict tree clasper and a disk-leaf 
respectively.) 

A tree clasper is simple if each leaf intersects L at one point. In the following, 
we will implicitely assume that all tree claspers are simple. 

The degree of a tree clasper is the number of the leaves minus 1. A degree k tree 
clasper is called a Ck-tree (or a Ck-clasper). 

Given a C^-tree T for a link L, there is a procedure to construct a framed link 
7(T) in a regular neighborhood of T. Surgery along T means surgery along j{T). 
Since there exists an orientation-preserving homeomorphism, fixing the boundary, 
from the regular neighborhood N{T) of T to the manifold N{T)t obtained from 



LOCAL MOVES FOR LINKS WITH COMMON SUBLINKS 



3 



N{T) by surgery along T, surgery along the Cfe-tree T can be regarded as a local 
move on L. We say that the resulting link Lt is obtained from L by surgery along 
T. In particular, surgery along a C^-tree illustrated in Figure 12.11 is equivalent to 
band-summing a copy of the (fc + l)-component Milnor link (see [H Fig. 7]), and is 
equivalent to a C^-move as defined in the introduction (Figure [O]) . Similarly, for 
a disjoint union Ti U ■ • • U of tree claspers for L, wc can define Lxiu-'-uTm SiS the 
link obtained by surgery along Ti U ■ • ■ U Tm ■ 



_^ surger y 




Figure 2.1. Surgery along a Cfc-tree. 

It is known that the -equivalence as defined in Section 1 coincides with the 
equivalence relation on links generated by surgery along C^-trees and ambient iso- 
topy H Thm. 3.17]. 

Let L = Ki U • ■ • U Kn be an n-component link. For a C^-tree T for L, the set 
{i I T n i^i 7^ 0} is called the index of T, and is denoted by index(T). 

A Cfc-tree T for L is a C^-tree if it satisfies that |index(T)| = fc + 1, that is, if 
indcx(T)| is the number of leaves of T. 

By arguments similar to those in the proof of [U Thm. 3.17], we have that the 
Cj;?-equivalence defined in Section 1 coincides with the equivalence relation on links 
generated by surgery along C^-trees and ambient isotopy. 

Although the following three lemmas follow from results of [16], the main ideas 
of proofs are due to Habiro 0]. 

Lemma 2.1. |16[ Rem. 2.3] LetTi andT2 be disjoint Cf -trees for a link L. Suppose 
index(ri) = {i,j}, index(r2) = {i,k} and j ^ k. Let T{ be obtained from Ti by 
sliding the leaf intersecting the ith component of L over the leaf of T2 intersecting 
the ith component, see Figure [27^ Then LtiuT2 o.n-d Lt[uT2 "'^g C2-equivalent. 




Figure 2.2. Shding a leaf over another leaf. 



Lemma 2.2 ([TCI Prop. 2.10], cf. [I] Prop. 1.3]). // an n-component link L' is 
obtained from L by surgery along a C^-tree T, then for any subset S of index(T) 
with \S\ > 2, there exists a disjoint union of C\s\-i-trees for L with index S, such 
that L' is obtained from L by surgery. 

Combining the latter with [161 Rem. 2.3], wc have the following. 

Lemma 2.3. Let T be a Ck-tree for a link L, and let T' (resp. T" ) be obtained 
from T by changing a crossing of an edge ofT and the ith component of L (resp. an 
edge of a Ci-tree G intersecting the ith component). Then Lt is Ck+i- equivalent 
to Lt' (resp. Ltug 'is Ck+i- equivalent to Lt"ug)j o.nd the Ck+i- equivalence is 
realized by .surgery along Ck+i-trees with index index(T') U {i}. 
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3. Proof of Theorem 11.11 

As noted in the introduction, the 'if part of the statement is obvious, so we only 
need to prove the 'only if part. 

Let L = Ki U • • • U Kn be an n-component link with same fc-component sublinks 
as the trivial n-component link O = Oi U • • • U 0„. Set I = n — k. We will show 
that L is C^-equivalent to O by induction on I. 

If ^ = 0, then L is trivial and the result is obviously true. 

Suppose that I > 0. Let m be the maximum integer so that L is C^-equivalent 
to O , i.e., so that there is a disjoint union F,„ of C,"^ -trees for O such that the link 
Of^ is ambient isotopic to L. If m = fc, then we have the result. Hence we assume 
that m < k and show that this leads to a contradiction. 

Observe that Op^ can be deformed into the split union of Oi and L\Oi by 
deleting all C^-trees in Fm intersecting Oi and performing several crossing changes 
between Oi and edges of C^-trees disjoint from Oi. By Lemma [2731 these crossing 
changes are realized by surgery along C^^^^-trees intersecting Oi. Since L\Oi is 
an (ri — 1, fc)-Brunnian link, by induction hypothesis, it is C^-equivalent to a trivial 
link. It follows by Lemma |2 . 21 that L is obtained from O by surgery along a disjoint 
union of C^-trees intersecting Oi and C^-trees. 

Similarly, Opi can be deformed into the split union of O2 and i \ O2 by deleting 
all tree claspers in intersecting O2 and performing several crossing changes 
between O2 and edges of tree claspers in F^ disjoint from 02- Since i \ O2 is an 
(71 — 1, fc)-Brunnian link, by induction hypothesis, it is Cj?-equivalent to a trivial 
link. It follows by Lemmas 12.31 and 12.21 that L is obtained from O by surgery along 
a disjoint union F^^ of C,'^-trees, each intersecting both Oi and O2, and C^-trees. 

Repeating this argument inductively, we show that L is obtained from O by 
surgery along a disjoint union F"^~^^ of C,'^-trees with index {1, 2, m + 1}, and 
C^-trees. Since m<fc — l<n — 2, L has a (m + 2)th component, which is disjoint 
from the C^-trees in F^~^^. We can deform Opm+i into the split union of Om+2 and 
L \ Om+2 by deleting all C^-trees in intersecting Om+2 and several crossing 

changes between Om+2 and edges of trees clasper in Since L \ Om+2 is an 

(ri — 1, fc)-Brunnian link, it is C^-equivalent to a trivial link. Lemmas 12.31 and 12.21 
then imply that there is disjoint union of C^_|_]^-trees F' for O such that Op' is 
ambient isotopic to L. This contradicts the definition of m, and thus proves that 
L is C^-equivalent to O. 

4. Proof of Theorem 11.21 

The 'if part of the statement is obvious, so we only need to prove the 'only if 
part. 

Let L be an n-component link with trivial components. By 0, there is a diagram 
of L in X {0} such that each component has no self crossing. For our purpose, 
it is convenient to further assume that this diagram contains crossings between the 
ith and jth components for each pair of distinct integers i, j in {1, n} (this is of 
course possible by a sequence of Reidcmeister moves). 

By a sequence of crossing changes, we can deform L into the trivial link O = 
Oi U • • ■ U On such that Oi lies in x {i} {i = 1, ...,n) and the projections of L 
and O coincide. Hence, for each pair of distinct integers i < j in {1, there 
is a disjoint union Fij of Cf -trees with index {i,j} such that L is ambient isotopic 
to 0\j,^ ,p.. (since each crossing in L where the jth component underpasses the ith 
one is achieved by surgery on O along such a Cj^-tree). Let p be a crossing in the 
diagram of O; U Oj, and let aij be the arc p x [i,j]. (Note that such a crossing 
always exists by our assumption on the diagram of L). Since the edge of each 
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Cf-tree in Fij is contained in x we have that Oi U Oj U Fij is ambient 

isotopic to Oi U Oj U Eij , where Eij is a disjoint union of Cf-trecs with index {i, j} 
and contained in a regular neighborhood of aij. It foUows, by Lemmas 12.31 and 12. 11 
that 0\j,^,p.. is Cj-equivalent to Oy.^^. 

Now, let L' be an n-component link with trivial components and with same 2- 
componcnt sublinks as L. By the same argument as above, there exists disjoint 
unions E'^^ of Cf-trees for O with index {i, j} contained in a regular neighborhood 
of an arc a'^j in x {I < i < j < n) such that L' is C2 -equivalent to Oy .^ . e',- 
By Lemmas l2.3l and l2.1l we may actually assume that the arcs aij and coincide. 

Suppose that there is a pair of integer i,j such that Eij ^ E[y We may assume 
that (i, i) = (1, 2). Since L and L' have same 2-component sublinks, so do Oy ,^ 
and Oy,^_E'.. In particular, (Oi U 02)_Bi2 is ambient isotopic to (Oi U 02)£;j2- 
Notice that this ambient isotopy can be performed in a regular neighborhood of 
Di U D2 U ai2, where Di U D2 is a disjoint union of disks bounded by Oi U O2. It 
follows that O U {[j,^j -B-j) can be deformed into O U £^12 U (U(j.j)/(i.2):i<i ^y) 
by a sequence of moves of the following three types: 

(i) leaf sliding (see Figure 2.2) involving two -trees with index {1,2} and {l,fc} 
(resp. {2, k)) for fc > 3, 

(ii) passing the edge of a Cf-tree with index {1,2} across the edge of a Cf-tree with 
index {l,k} (resp. {2,fc}) for /c > 3, 

(iii) passing Oi U O2 accross all Cf -trees with index {l,fc} or {2,fc} [k > 3) as 
illustrated in Figure ETTJ 

Moves of type (i) and (ii) can be achieved by C|-nioves, according Lemmas 12. II and 
12.31 respectivelv. We also have the following: 

Claim 4.1. A move of type (iii) can always be achieved by a sequence of C2 -moves. 




Ok 



Figure 4.1. Here, i,j G {1,2} are possibly equal, and fc > 3. 

Proof. The result follows immediately from Lemma 12.31 when i ^ j ■ If z = j. 
Figure 1321 shows how the desired deformation can be achieved by passing Oi across 
edges of IJi^i where possibly k > I. Lemma gives us the claim. □ 

We conclude that 0\ 1 p/ is Cn -equivalent to 0„ , , „, \. 

Repeating this argument for all pairs (i,j) completes the proof. 

5. Proof of Proposition 11.31 

In this section, we show that each of the hypotheses imposed in Theorem 11.21 is 
necessary for the conclusion to hold. 
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Figure 4.2. 

5.1. The case fc > 3: proof of Proposition 11.31 (1). Wc first observe that 
Theorem 1 1 . 2 1 docs not hold for fc > 3. 

Let Ln and be two n-componcnt hnks as ihustrated in Figure 15.11 Clearly, 
both links have trivial components, and have same fc-component sublinks for k < 
n - 1. 




Figure 5.1. 

On the other hand, we notice that Arf(L,i) = and Arf(Lj^) = 1, where Arf 
denotes the Arf invariant [14] . Note that a Cfc-move preserves the Arf invariant 
when fc > 3, since it can be achieved by a pass-move, which preserves the Arf 
invariant |11] . This implies that L„ and L'^ are not Cfc-equivalent, and hence not 
C^-equivalent. 

5.2. An invariant of C^-equivalence: proof of Proposition [TT3] (2). We now 

consider the case fc = 2, but without the assumption that all components are trivial. 
For that purpose, we first introduce an invariant of C^-equivalence derived from 
the linking number in the double branched cover of branched over a knot. 

Let K U Ki U ■ • • U Km (m > 1) be an oriented {m + l)-component link in . 
If the linking number lk(/ir, Ki) is even for all i{~ 1, to), then there is a possibly 
nonorientable surface F bounded by K disjoint from i^i U • • • U Km- Let Ga be 
the Goeritz matrix [5] with respect to a basis a = (ai,...,a„) of Hi{F), i.e., the 
(j, j)-entry of Ga is equal to lk(ai, raj), where raj is a 1-cycle in — F obtained by 
pushing off 2aj in both normal directions. Let Va{Ki) = {\k{Ki, oi), \k{Ki, a„)). 
In jl3j J. Przytycki and the last author define, for i,j (1 <i,j< to), 

Xf{K,,Kj) = Va{K,)G^^Va{K,f, 
and XF{Ki, Kj) ~ when F is a 2-disk. It follows directly from [131 Thm 2.3] that 
for the double branched cover M of branched over K and for lifts Ki and Kj of 
Ki and Kj respectively, we have 

IkMiK^Kj) = ±XFiK„Kj) mod 1. 
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If two links L = is: U isTi U • • • U A m and L' ^ K' UK[U- ■ ■UK',^ are C^-equivalent for 
some k (2 < fc < m), then Kj U Kj and Kl U Kj are liomotopic in the complement 

of K. This implies that there is a lift Ki U Kj (resp. K'- U K'^) of Ki U Kj (resp. 
A'' U K'A such that 

IkMiK.X,) = lkM(A;',5^.) mod 1. 
It follows that we have the following proposition. 

Proposition 5.1. For any k > 2, dszXpiKi, Kj) (mod 1) is an invariant of C^- 
equivalence. 

We can now complete the proof of Proposition 11.31 

Proof of Proposition\r^(2). Let L ^ K \J Ki U K2 and V ^ K \J Ki \J K'^ he 
links as illustrated in Figure 15.21 Note that L and L' have common 2-component 
sublinks. Let be a nonorientable surface, and let 01,02 be a basis of Hi{F) as 
illustrated in Figure O Then we have \f{Ki,K2) = and Xf{Ki,K!^) = -1/3. 
Proposition 15.11 implies that L and L' are not C|-equivalent. □ 




Figure 5.2. 



Appendix A. Finite type invariants of {n, fc)-BRUNNiAN links 

Theorem 1 1 . 1 1 states that a link is (n, fc)-Brunnian if and only if it is C^-equivalent 
to the n-component trivial link. As recalled in the introduction, the case fc = n — 1, 
i.e. the case of Brunnian links, was shown in [SJ I10| . and is a key ingredient in 
proving several results and Brunnian links and their finite type invariants. Using 
Theorem 11.11 we can easily generalize these to (n, fc)-Brunnian links. We only 
provide statements here, since the proofs are straightforward generalizations of 
[51 [ini ini [Z] , and require no new idea. 

In [S], Habiro shows that for n > 3, an n-component Brunnian links cannot be 
distinguished from the trivial link by any finite type invariant of order less than 
2(n — 1). (Note that for n ~ 2, this does not hold since the Hopf link and the 
2-component trivial link can be distinguished by the linking number, which is of 
order 1.) By the same arguments as those in [SJ § 4], we have that if a link is 
C^-equivalent to a trivial link for fc > 2, then these links cannot be distinguished 
by any finite type invariant of order less than 2fc. Hence we obtain the following 
result. 

Theorem A.l. For n > k > 2, {n, k)- Brunnian links and the n-component trivial 
link cannot be distinguished by any finite type invariant of order less than 2k. 

In [51 [7] , the study of finite type invariants of Brunnian links is continued, by 
expressing the restriction of an invariant of degree 2n — 1 to n-component Brunnian 
links as a quadratic form on the Milnor link-homotopy invariants of length n, see 
[3]. The arguments used in [5] (and [7]) can be generalized in a straightforward way 
to (n, fc)-brunnian links to prove the following. 
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Theorem A. 2. Let f be any finite type link invariant of degree 2k + l taking values 
in an abelian group A. Then there are (non-unique) elements fj''' G A for a, a' 
in the symmetric group Sk-i on the set {1, . . . , fc — 1} and for any subsequence I 
of 12. ..n of length fc + 1, such that, for any (n,k)-Brunnian link L, the difference 
f{L) — f{0) is equal to 

• ■ • v(fc-i)«fe«fc+i)ML(ia'(i) • ■ • V'(fc-i)*feifc+i)- 

I=iii2---ik+l o',(T'6Sfc_i 
subseq. of 12. ..n 

Here O denotes the n- component trivial link and p.^ denotes Milnor invariants of L. 

In other words, the restriction of an invariant of degree 2fe + 1 to (n, A;)-Brunnian 
hnks can be expressed as a quadratic form on the Milnor hnk-homotopy invariants 
of its (fc + l)-components subhnks, and, in particular, is determined by the (k + 1)- 
component sublinks. 

Milnor invariants are useful not only for understanding finite type invariants 
of (n, fc)-Brunnian links, but also for providing classification results. It is indeed 
known that n-componcnt Brunnian links are classified up to C„-equivalence by 
Milnor link-homotopy invariants [101 [S] ■ Again, strictly similar arguments can be 
used to extend this classification result as follows. 

Theorem A. 3. Two (n, k)-Brunnian links arc Ck+i- equivalent if and only if they 
cannot be distinguished by any Milnor link-homotopy invariant of length k -\- 1. 
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